Vidyamandir Classes

Trigonometric Identities and Equations

CONDITIONAL IDENTITIES Section - 6
6.1 TYPE-I
Problems based on transformation of the plus form of sine or cosine in product form :
Working Rule :
(§9) Simplify the terms containing A and B using the formula of sinC + sinD and cosC + cosD whichever is
applicable.

(i) Simplify the term containing C by using sin 20 = 2 sin 6 cos 0 or cos 20 = 2 cos>®—1orcos20=1-2sin

2

0. and write A + B in terms of C and then take out the common factor (which will be a term containing C).

(iii) Then transform C in A + B (not in the factor which has been taken common).

(iv) Then simplify to get the desired result.

lllustrating the Concepts :
IfA + B + C = &, then show that :

@) sin2A + sin 2B + sin 2C = 4 sin A sin B sin C

(ii) cos2A + cos2B + cos2C = -1 — 4 cosA cosB cosC
(iii) cosA + cosB + cosC = 1 + 4 sin A/2 sin B/2 sin C/2
(iv) sin A + sinB + sinC = 4 cosA/2 cos B/2 cos C/2

@) LHS = sin 2A + sin 2B + sin 2C
=25sin (A + B) cos (A — B) + sin 2C
=2sin (n — C) cos (A — B) + sin 2C
=2sin C cos (A—B) +2sin C cos C
=2 sin C [cos (A — B) + cos (]

Convert the expression with-in brackets in A and B only.
=2sin C[cos (A—B) +cos (1 —A - B)]
=2 sin C [cos (A — B) — cos (A + B)]
=2 sin C (2 sinA sinB)
= 4 sinA sinB sinC = RHS

(ii) LHS = cos2A + cos2B + cos2C
=2 cos (A + B) cos (A - B) + cos 2C

=-2 cos C cos (A—B)+2cos2C—1
=-2cos C[cos (A-B)—-cosC]-1
=-2cosC[cos(A-B)+cos(A+B)] -1
=-2 cosC [2 cosA cosB] — 1

=—1 -4 cosA cosB cosC = RHS

[Convert A + Btom — C]

[Take the term involving C as factor]
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(iii) LHS = cosA + cosB + cosC
A+B A-B -
= 2 cos cos +cos C = 2cos [g - %j cos +cos C
_ C
=2 sin%cos A-B + [1 — 2 sin? %j [Express cos C in terms of sin E]
. C - . C . C A-B A+ B
= 2sin —| cos —sin — |+1 = 2sin —| cos —Cos +1
2 2 2 2 2
= 2sing ZSinésinE +1= 1+4sinésin£sin£=RHS
2 2 2 2 2 2
(iv) Try On The Same Pattern. (As in part 3 above)
TYPE-II
Problems involving squares of sines or cosines of angles.
Working Rule :
@) First, rearrange the terms in L.H.S. so that either sin® A — sin? B = sin (A+ B) -sin (A-B)
or cos® A — sin® B = cos (A + B) - cos (A — B) can be applied.
(ii) Simplify the term containing C and then take out the common factor (which will be a term containing C).

(iii) Then transform C in A + B (not in the factor which has been taken common).

(@iv) Then simplify to get the desired result.

lllustrating the Concepts :
If A + B + C = &, then show that :
(i) sin?A + sin’B — sin®C = 2sin A sin B cos C
(ii) cos® A/2 + cos® B/2 + cos® C/2 = 2 + 2 sin A/2 sin B/2 sin C/2
(iii) sin?A + sin’B + sin®C = 2 + 2 cos A cos B cos C
(i) Starting from L.H.S. :
= sin?A + sin?B — sin’C

sin%A + sin (B + C) sin (B - C)

sin%A + sin (t — A) sin (B — C)

sin A [sin A + sin (B — C)]
sin A {sin [t — (B + C)] + sin (B - C)}

sin A [sin (B + C) + sin (B — C)]

=sin A [2 sin B cos C] =2 sin A sin B cos C
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(i) L.H.S.=cos?A/2 + (1 —sin® B/2) + cos® C/2

=1 + (cos® A/2 — sin® B/2) + cos®> C/2 = 1 + cos (A + B)/2 cos (A — B)/2 + cos> C/2
=1+ sin C/2 cos (A — B)/2 + 1 — sin> C/2 =2 + sin C/2 [cos (A — B)/2 — sin C/2]
=2 +sin C/2 [cos (A — B)/2 —cos (A + B)/2] =2 + 2 sin C/2 sin A/2 sin B/2

(iii) L.H.S. = sin?A + sin?B + sin®C

=1- (coszA - sinzB) +sin®C = 1 - cos (A+B)cos (A-B)+ sin’C
=1+cosCcos(A-B)+1-— c0s?C =2 + cosC [cos (A — B) — cos C]
=2+ cosC[cos (A—B)+cos(A+B)] =2+ 2 cos Ccos A cos B

6.3 TYPE Il

Problems involving only tangents or cotangents of angles.

Working Rule :
@ Write the given relation between angles keeping two angles on one side and remaining on the other side.
(ii) Take tangent or cotangent of both sides and simplify to get the desired result.

lllustrating the Concepts :

@) In a AABC, prove that tanA + tanB + tanC = tanA tanB tanC.

A B B A
(i) IfA+ B+ C =&, prove that : tanE tanE+tan—tan£+tan£tan—=],

(iii) If A + B + C = & prove that cotB cotC + cotC cotA + cotA cotB = 1.

(i) In AABC, +A+B+C=m . A+B=n-C
= tan (A + B) =tan (- C) [By taking tan on both side]
N tanA+tnB - [ tan (T - C) = — tan C]
l—tan A tan B
= tanA + tanB = — tanC + tanA tanB tanC
= tanA + tanB + tanC = tanA tanB tanC
(ii) A+B+C=m
A B C = n C
—+—+—=— or, —t—=—=-—
2 2 2 2 2 2 2 2
tan A+B tan ¢ cotC [By taking t both side]
— — | = —_—_ = — aKin an on 51
>3 ) > y taking tan on both side
tan — + tan — 1
= A B __C
1—tan—tan— tan—
2 2 2
A B B cC A
= tanéta.n£+tanﬁtangzl—tanétanE — tan— tan— + tan— tan— + tan —tan — =1.
2 2 2 2 2 2 2 2 2 2
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(iii) A+B+C=rm . A+B=m-C
= cot(A+ B)=cot(m-0C) [By taking cot on both side]
cotA-cotB—1
= ———=—cotC
cot B+ cotA
= CcotA cotB — 1 = — cotB cotC — cotC cotA
= cotA cotB + cotB cotC + cotC cotA =1
TYPE-IV

Miscellaneous Type

Working Rule :

@ If it is given that x + y + z=xyz or, xy + yz + zx = 1l put x = tan A, y = tanB and z = tanC in it and simplify it
to find the value of A + B + C.

(ii) Then put tanA, tanB, tanC in place of x, y, z respectively in the L.H.S. of the given question and simplify it to
get the desired identify using the value of A + B + C.

Illlustrating the Concepts :

If xy + yz + zx = I, prove that r LY Lz 4xyz

1= (11— ) (1-22)

Let x = tanA, y = tanB, z = tanC
Given, xy + yz + zx =1

tanA tanB + tanB tanC + tanC tanA = 1
= tanC (tanA + tanB) = 1 — tanA tanB

- tanA+tanB 1 =cotC:tan(g—C]

l-tanAtanB tan C

T
= tan (A + B) = tan (E_CJ

T
A+B= 57 c [Taking principal value]
T .
= A+B+C=E ..(i)
Now, LHS.= ——+—2—+
1-x 1-y -z
tan A tan B tan C 1| 2tanA 2tan B 2tan C
- 2, 1a 2,75 2.t 2. 2
l-tan"A I-tan"B 1-tan"C 2|1-tan“A I1—-tan°B 1-tan"C

= %(tan 2A +tan2B + tan 2C) ... (i)
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Now from (i), A+ B+ C = = 2A+2B+2C=m

o a

or, 2A +2B=1m-2C = tan (2A + 2B) = tan (n — 2C)

tan 2A + tan 2B

or, m =—tan2C or, tan 2A + tan 2B = — tan 2C + tan 2A tan 2B tan 2C

or, tan 2A + tan 2C + tan 2B = tan 2A tan 2B tan 2C. 11}

1
From (i1), L.H.S. = E (tan 2A + tan 2B + tan 2C)

= % (tan2A tan 2B tan 2C) [From (iii)]

2tan A 2 tan B 2 tanC 1 2x 2y 2z 4xyz

1
2 1—tan?A 1-tan?B 1-tan?C 2 1-x* 1-y% 1-22  (d=x1)d=y>)(1-22)

Wlf(x+ﬁ+y=7r,then: tan B+y—o)ttan(y+o—B)+tan (o + P —7)is:
(A) tan(B+ty—-a).tan(y+o—P).tan(aa+B—y) B) cotBt+ty—a).cot(a+y—B).cot(a+pB—y)
(C) cot(B+ty—a).cot(a+y—P).tan(o+p—-7) (D)  None of these
SOLUTION : (A)
Let B+y-a=A, y+o-f=B, and a+PB-y=C
Now,A+B+C=B+y-a+y+a-B+oa+p-y
or, A+B+C=0+B+y=m [Asa+B+y=m]
or, A+B=n-C
tan (A + B) =tan (mt - C)

tan A + tan B

or, ——  =—tanC [As tan (1 — C)=—tanC]
1—tan A tan B

or, tanA + tanB = — tanC + tanA tanB tanC  or, tanA + tanB + tanC = tanA tanB tanC

Putting the values of A, B and C, we get :

tan (B+y—o) +tan (y+ oo — P) + tan (ot + B —y) =tan (B + Y- o) tan (Y + o — P) tan (ot + B — 7).
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